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Abstract. Let G be a compact subgroup of GL n (K) acting linearly on a finite 
dimensional vector space E. B. Malgrange has shown that the space C oc (R n ,E) G of 
C°° and G-covariant functions is a finite module over the ring C°°(K n ) G ofC°° and G- 
invariant functions. First, we generalize this result for the Schwartz space yiW 1 , E) G 
of G-covariant functions. Secondly, we prove that any G-covariant distribution can 
be decomposed into a sum of G-invariant distributions multiplied with a fixed family 
of G-covariant polynomials. This gives a generalization of an Oksak result proved in 
([O]). 
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1 Introduction 

Let G be a compact Lie group acting linearly on R n and p a representation 
of G in a finite dimensional complex vector space E. 

Let £/(W l , E) be either of the spaces C°°(M n , E), C c °°(M n , E) or Y(R n , E). 
A function / in «e/ (R n , E) is said to be G-covariant if it verifies 

p(g)" 1 ° f ° g = f, for all geG. 

We denote by £/ E) G the space of G-covariant functions and by stf (R n ) G 
the space of G-invariant functions. 

Let E* be the dual space of E and p* the adjoint representation of p in 
E*. We consider ^'(M n , E) the dual space of ^/(M n , E*). A distribution T 
in g/'iW 1 , E) is said to be G-covariant if it verifies 

(T, p(g)- 1 o / o g) = (T, f), for all / G ^(R n , E*) and geG. 
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Let £/'(R n , E) G be the space of G-covariant distributions and stf'(R n ) G the 
space of G-invariant distributions. 

Representations of G-covariant functions and distributions in terms of G- 
covariant polynomials are of frequent use in theoretical physics. B. Malgrange 
(see [P] of V. Poenaru) has obtained such representation for functions in 
C°°(W n ,E) G . More precisely, he has proved that there exists a family of G- 
covariant polynomials Pi, . . . , P& such that every function / in C°°(M n , E) G 
can be represented in the form 

/ = /iPi + . . . + f r Pk, where /i, ...,/* G C°°(R n ) G . (1.1) 

A.I. Oksak in [O] has considered the case when the subspace £P(R n , E) G of 
G-covariant polynomials is a free module over the ring £P(R n ) G of G-invariant 
polynomials. This is equivalent to say that the map I : (£P(R n ) G ) k — > 
0>(R n ,E) G defined by 

k 

(pi, . . . ,p k ) I ► Pi Pi ' 

i=l 

is an isomorphism. Under this assumption, he established that the map 
$ : (£/(R n ) G ) k — ► £/(R n , E) G defined by 

k 

(fl, ■ ■ ■ , fk) 1 > ^2 h 

i=l 

is a topological isomorphism when the vector space £/(R n ,E) G is equal to 
C°°(R n , P) G , C c °°(R n , E) G or ,Y(R n , E) G . 

A.I. Oksak has also studied the representation of G-covariant distribu- 
tions. He has proved, under the above assumption, that every distribution 
T in £/'(R n , E) G can be represented in the form 

k 

T = Y,Ti Pi, where T u . . . ,T k G ^'{R n ) G . (1.2) 
i=i 

Our aim in this paper is to generalize the results of B. Malgrange and 
A.I. Oksak. In section 2, we prove the analogue of the result of B. Malgrange 
in the spaces C?(R n ,E) G and y(R n ,E) G . In section 3, we establish the 
decomposition (1.2) without any assumption on the action of the compact 
group G. 
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2 Representation of G-covariant functions 



Let G be a compact Lie group and p its normalized Haar measure. We 
suppose that G acts linearly on W 1 and we fix an euclidean G-invariant norm 
on IR n . Let p be a representation of G on a finite dimensional complex vector 
space E. We choose a G-invariant norm | \\e on E. By duality, G acts 
on E* the dual space of E. We consider C^°(W l ,E) the space of compact 
support functions in C°°(M ri , E). For a compact K in M n , C|?(M n , P) denotes 
the space of functions in C c °°(M n , P) such that supp(/) C K and ^(R n , P) 
the space of functions / in C°°(M. n ,E) satisfying 

sup(l + ||x|| 2 r ||D Q /(x)|| £ <oo, 

for all m G N and a G N n . 

We equip the spaces C°°(R n ,P), C c °°(R n ,P) and y(R n ,E) with their 
usual topologies. For g E G and / G ^(R™,^), we denote by g ■ f the 
function p(g)^ 1 o f o g which also belongs to £/(M. n ,E). We say that a 
function / in £/(WL n ,E) is G-covariant if it verifies 

g-f = f, for all geG. 

It is clear that srf (M n , i?) G is an stf (M ra ) G '-module. Our aim in this section 
is to prove that this module is generated by a finite family of G-covariant 
polynomials. The case C°°(lR ri , E), is already established by B. Malgrange 
(see [P]) and the same proof is valid to establish that the set of G-covariant 
polynomials is a module of finite type over the ring of G-invariant polyno- 
mials. We fix Pi, . . . , Pk a family of G-covariant homogeneous polynomials 
which generate this module. So we have : 

Lemma 2.1 For all f G C°°(W n ,E) G there exists a family of functions 
/i,...,/ fc in C°°(M n ) G such that 

k 

i=i 

As corollary of the above lemma, we have 

Corollary 2.2 For all f G C^°(R n , E) G th ere exists a family of functions 
fi,...,fa m C c °°(M n ) G such that 

k 

i=i 
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The main result of this section is : 

Theorem 2.3 For all f G y(R n , E) G there exists a family of functions 
fi,...,fk in y{W) G such that 

k 

i=i 

To prove this theorem, we need the following lemmas. 

For all < r < R, we consider the sets 5(0, r) = {x G IR n , ||x|| < r}, 
5(0, r) = {i£ M n , ||x|| = r}, 5(0, r) = 5(0, r) U S(0, r) and C(r, 5) = {x e 
R n , r < \\x\\ < R}. 

As an improvement of Corollary 2.2, we have 

Lemma 2.4 Let f be in C|? Q 1 - ) (K n , 5) G . There exists a family of functions 
f f k mCf (01) (R") G suci tfia* 

Proof 

Let / be in 1} (M n , 5) G . By Corollary 2.2 we have 

fc 

/ = fi Pi, with /i, •••,/* e C c °°(R n ) G . 
i=i 

We have to prove that the functions fi, ■ ■ ■ , fk can be chosen with supports 
in 5(0, 1). For this, we need to use Lemma 8.1.1 of [B]. This lemma treats 
the case E = C but it is also true for any finite dimensional vector space. 

Let 7 be in C°°(M n ) G satisfying 7 = 1 on 5(0, \) and supp(7) C 5(0, §). 
Then / = 1 f + (I-7)/. 

The function (1 - 7) / G Cf? a ^(^",5)°, so Lemma 8.1.1 of [B] implies 

that 

r 

(1 - 7 (x)) /(x) = ^ft-dkll 2 ) Vi(aO, for all x G W 1 , 
3=1 

with (?j G CjT^W and (pj G ^(M™, 5). Since G is a compact group, we 
can suppose that the functions ipj are G-covariant. Then by Corollary 2.2, 
we have 

k 

^3 = ^2 Ph for a11 1 - i - r ' 



where (p tj e C c °°(M n ) G So we get 



(1 - 7 (x)) /(x) = £ (^ft-dlxll 2 )^)]^), for all 
i=i S=i ' 



The result follows for the function (1 — 7)/ since the functions <7j(|| . || 2 ) tpij 
are in Cf (Q1) (M n ) G . 

According to Corollary 2.2, there exist hi, . . . , h k e C£°(lR n ) G such that 

i=i 

Let be in C c °°(M n ) G satisfying ^=lon 5(0, §) and supp(#) C 5(0, 1). It is 
clear that 

k 
i=l 

with 9 hi £ 1} (M n ) G . This completes the proof. □ 



Lemma 2.5 Let h be in C°°(R n , E) G such that for all a in N n , D a h = on 
5(0, 1). Then, for all p in N, 

v %) n 

M ™i- (1 - \\y\\i)v ■ 

Proof 

Let h be in C°°(R n ,E) G and p in N. We set M = sup ||5 p+1 /i(z)||. By 

zeB(0,2) 

Taylor formula we have 

h(y) = J 1 2^ 5 P+1 % + % - yo)) • (y - y ) {p+1) dt, 

for all y e 5(0, 1) and yo in 5(0, 1). Then, 

\h(y)\ < M \\y - y \\ p+ \ for all y e 5(0, 1) and y e 5(0, 1). 
Let y E 5(0, 1) \ {0} and y = ^. Then \\y - y \\ = 1 - ||y|| and 

l%)l . I%)l 



(i-IMI 2 ) p (i + IMI) p lly-yoll p 



<M||y-y ||. 
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This gives the result since 



lim \\y-y o \\=0. 
IwM— i- 



□ 



The function ip : x i — > , x is a bijection from B(0, 1) to R n and its 

VHNI 

inverse function is 

tp : x 



X 



For / in y(R n , E), we denote by /(/) the function on R n defined by : 
'(/)(*) = 



fo<p(x) if xe 5(0,1) 
otherwise 

The map / is one to one and satisfies : 

Lemma 2.6 For all f G y(R n , E), the function 1(f) is m C2? 1} (R n , E) 
and the map I : y(R n , E) — > C|? Q ^(K™, E) is a topological isomorphism. 

Proof 

Let / be in y(R n , E). To prove that /(/) is C°° it is enough to show that 
lim D a (f o ip)(x) = 0, for all a G N n . 

||x||— »1~ 

It is clear that, for all x G B(0, 1), D a (f o ip){x) can be written as a sum of 
elements of the form 

D^f(^(x))D x ^ il (x)---D x ^ ir (x), 

with Aj, 7 G N n , and 

Vlj[X) (1-|MI 2 ) S ' 
where Qij is a polynomial and s G \ N. Since 

2 _ 1 

1-11x11 "T+IM^P 

then there exist a polynomial P and s' G | N such that 

n*f(<p(x)) D^x) ■ ■■D x ^ tr ( x ) = P ( x ) (1 + Mx)\\Y Dnf(<p{x)). 

(2.1) 
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As / G y(R n , E) and lim| WHl - \\<p{x)\\ = +00, then 

lim D a (foip)(x) = 0, 



and we deduce that /(/) G C%, Q 1} (M n , E). 

To establish that I is onto we will prove that if g G C|? Q 1 - ) (IR n , -E 1 ), then 
£ o ^ G ^(R n , E) and /(# oi(j)=g. We fix r G N and (3 G N n . As in (2.1) 
there exist m G Z and c > such that 

(1 + IIxIHIP"^ < c (1 + ||x|| 2 ) m sup 

Since lim ||-0(x)|| = 1 and 1 + llxll 2 = . . —. .... . then Lemma 2.5 

IMH+oo" 1 - ||V(^)|| 2 

insures that 

lim (l + ||x|| 2 n|DMV^))|U = 0, 

and we deduce that 

lim (\ + \\x\\^\\tf(go^)< < x))\\ E = Q. 

||x||-H-oo 

Hence g o ip g ,5^(lR n , P), and it is easy to verify that I(g o ip) = g. 

It follows from the closed graph theorem that / is a topological isomor- 
phism. □ 

Proof of Theorem 2.3 

Let / be in y(R n , E) G . Since we have 

(p(g x) = g.((p (x)), for all g G G and x G B(0, 1), 
*(o,i) ( 



then the function /(/) is in C|? 1 ,(M. n , E) G and by Lemma 2.4, we have 



i=i 



with g u ...,g k e Cf (Q ^(M") G . So for all y in M n , we have 

fc 

/(y) = /(/)(v(y)) = $>Wz/)) PMv))- 

1=1 

Let si, . . . , Sfc be the degrees of homogeneity of Pi, . . . , P^. Then 

PiMy)) = Pi{ , V = J = ( . = ..T Piiv), for all 1 < i < k. 

v 1 + \\y\\ v 1 + \\y\\ 
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Hence 

k 

/(?) = £/i(v) m 
i=i 

with 

V 1 + \\y\\ v 1 + \\y\\ 

To conclude, we have to prove that fi, ■ ■ ■ , fk £ ^(M n ). We fix 1 < % < k 
and we consider the function hi : W l — ► C defined by 



hi(x) 



- \\x\\ 2 ) s > gi(x) if xe B(0,1) 
otherwise 



The partial derivatives of hi in B(0, 1) are of the form P(x)(l — \ \x\ \ 2 ) r D 1 gi(x) 
with r G |Z, 7 G N™ and P a polynomial. Hence, by Lemma 2.5, we conclude 
that lim D a hi(x) = for all a6i" and so tn G Cjf (0 1} (K n ). Finally, we 

\\x\\ >1 1 

verify that fi — hi o — I" 1 (hi) and that fi is G-invariant. This completes 
the proof. □ 



3 Representation of G-covariant distributions 

Let £?'(M. n , E) be the topological dual of the space ^/(M n , E*) equipped with 
its weak topology. A distribution T in ,g/'(IR n , i?) is said to be G-covariant 
if it verifies 

(T, g-f) = (T, f), for all / G ^(R", E*) and g G G. (3.1) 

We denote by £/'(M. n , E) G the space of G-covariant distributions. In the 
particular case of the trivial representation, a G-covariant distribution T is 
G-invariant and we denote by ^/'(R n ) G the space ^'(R n ,C) G - 

For / G £f(R n ,E*) and h G £/(R n , E), we define the function (f,h) in 
£/(R n ) by 

(/, = (f(x), h(x)), for all a: G R n . 

Let 6> G ^'(W 1 ) and /i G ^/(M n , E). We denote by #/i the distribution in 
£/'(R n , E) defined by 

(9 h, f) = (9, (/, for all / G ^(R", £?*). 

If G £/'(W l ) G and /i G £^(R n , E) G , then ^/'(M n , E) G . 
Then we have the following theorem : 



8 



Theorem 3.1 For all 6 in ^'(R n , E) G th ere exists a family of distributions 

k 

0i, . . . , k in stf'(R n ) G such that = ^ 0* P t . 

i=i 

Before the proof of this theorem, we establish some lemmas. 

For up G C™(R n ,E), let T v be the distribution in £f'(R n ,E) defined by 

T v (f)= / ((/?(x), f{x))dx. Then we can identify C c °°(M n , £) with a subspace 

of £/'(R n ,E). Moreover, if ud is a G-covariant function, then is a G- 
covariant distribution and we have the following result. 

Lemma 3.2 The space C c °°(R n , E) G is dense in ^'{R n , E) G . 

Proof 

Let / be in £^{R n , E*). The map g\ — > g-f from G to £/(R n , E*) is clearly 
continuous. By Proposition 5 in [BO], there exists a unique function ./#(/) 
in £/(R n , E*), such that for all T G ^'(R n , E), we have 

(T,^(/)>= / (T,g.f)d»(g). (3.2) 

It follows from this equality that 

Jt(f) = J{{g. /), for all / G ^(K n , £*) and all # G G. (3.3) 
For T = 5^., the Dirac distribution on x G R n , the formula (3.2) gives 

•*(/)(*)= / 9-f(x)diM(g). 
Jg 

Then we can verify that : 

i) .#(/) G =2/ (R n , E*) G . 

ii) -#(/) = / if / is G-covariant. 

iii) The linear map ^ : ^(R n ,E*) — ► $Z(W\E*) is continuous (ac- 
cording to the graph theorem). 

iv) ^(C c °°(M n , E)) = C c °°(R n , £) G . 

Let ttff be the transpose map of ^ . It is continuous for the weak topolo- 
gies and verifies 

Ut(T) = T, for all T G ^'(R n , E) G , (3.4) 
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and 

l#(T v ) = Tjg M , for all y? E C™(W\ E). (3.5) 
Since C C °°(R",£) is dense in £/'(R n ,E), then S#(C c °°(M n , £)) is dense in 

To establish the lemma we will prove that y?(£/'(R n , E)) = srf'(R n , E) G 
and S#(C c °°(R n , E)) = C™(R n ,E) G . 

The inclusion (&/' (R n , E)) C ^'(R n ,E) G follows from the formula 
(3.3) and the formula (3.4) gives the inverse inclusion. Finally, the equality 
t#(C c °°(R n , E)) = C™(R n , E) G follows from the formula (3.5). □ 

Let P^ : #/(R n , E*) — ► (.c/(R n )) fc be the continuous linear map defined 

by 

PAf) = ((f,Pi),---,(f,Pk)), 
and l P^ its transpose. Let (ej)i<j<d be a basis of P and (e*)i<j<d its dual ba- 
sis. For 1 < I < k, we have Pi = J2i=i Pu e « where (Pu)i<i<d are homogeneous 
polynomials with the same degree of homogeneity si as Pi. 

For all function / in £/(R n , E*), there exist /i, . . . , f d e srf (R n ) such that 
/ = Eti fi 4- Th en the spaces ^/(M n , E*) and (stf(R n )) d can be identified 

by the map Y?i=i fi e * 1 — ► (A, • • • > /<*)■ 
Let Pgj denotes the map 

d d 

• • • , /<*) 1 — ► /i Pu, • • • , ^2 f 

i=l i=l 

from (^(R n )) d to (^/(M n )) fc . 

Then we have the following lemma. 

Lemma 3.3 The image of t P s / is equal to (KevP^) , the orthogonal space 
o/KerP^. 

Proof 

The inclusion Im(*P £/ ) C (KerP^) is clear. When £f(R n , E*) is a Frechet 
space it suffices to prove that the image of P^ is closed. Indeed, this implies 
that the image of P^ is a Frechet space. Then Theorem 37.2 of [T] insures 
that Im(*P^) is closed in &?'(W\E). On the other hand, Proposition 35.4 
of [T] implies that the closure of Im(*P f /) is equal to (KerP^) . 
Now we will prove that the image of P^ is closed. 

The case £?(R n ,E*) = C QO (R n ,E*) is a consequence of Theorem 0.1.1 of 
[B-S]. 
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For srf (W 1 , E*) = y(R n , E*), we consider the map P : (C°° 1) (W l )) d 



(Cf (Q 1) (M n )) fe denned by 



where I k is the topological isomorphism from (y(W n )) k to (C|? ,(R n )) fe 



P = I k oPyOj d , 

( (/>CUn\\k + „ (( 

"B(0,1) v 



defined by : 

I k :(f 1 ,...J k )^(I(f 1 ),...,I(f k )), 

and the topological isomorphism from (C|? Q 1 ^ ) (R ri )) d to (^(IR™))' 1 defined 
by : 

j d :(f 1 ,...j d )^(r 1 (f 1 ),...,r 1 (f d )). 



Then it is sufficient to prove that the image of P is closed. For / 

CO / 

5(0,1) 1 



(/i,...,/ d )e(Q ni .(R")) d ,wehave 



p((A,...,/ d )) = (p 1 (/),...,p fc (/)), 

where, for all 1 < j < k, 

[ otherwise 
Let B : (Cf (01) (M n )) d — > (Cf (01) (R")) fe defined by 

B((g 1 ,...,g d )) = (B 1 (g),...,B k (g)), 

where 

d 

B j(g)( x ) = ^2,9i{ x ) p ji( x ), for all 1 < j < fc. 

i=l 

Let A : (Cf (0il) (M n )) fc — > (Cg 0jl) (M")) fc defined by 

A((yi,...,^ fc )) = (Ax (<?),..., A fe (<?)), 

where 

( a . ifxG 5(0,1) 

A^)(x) = I (1-|MI 2 )^ 1 ^ ,l<j<fc. 

1 otherwise 
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It is clear that A is a topological isomorphism, and that P = A o B. Again, 
by Theorem 0.1.1 of [B-S], the image of the map B is closed. Consequently, 
the image of P is closed. 

Now we will prove the result for £/(M. n , E*) = C%°(M. n , E*) which is not a 
Frechet space. Let m G N*. We consider the map 

P m :f^({f,P 1 ),...,{f,Pk)), 

from C% {Qm) (R n ,E*) to (C^ m) (R n )) k . We will prove that (KerP^)° C 

ImCPj/). Let T be in (KerP^) . It is clear that the restriction of T to 
the space Cg> m) (R n , E*) is in (KerP m )°. Since C^ (Q m) (R n , E*) is a Frechet 

space, it follows, as in the first part of the proof, that Im(*P m ) = (KerP m )°. 
So there exists a continuous linear form 9 m on (C|? ^(R™)) fe such that T 

is equal to t P m {9 m ) on C|? Q m )(R n , E*). By the Hahn-Banach theorem we 

extend 9 m to a continuous linear form on (C£°(R n )) fc denoted also by 9 m . For 
all meW let 

C m = {x G R n , m - 2 < \\x\\ < m - -}. 

We fix a partition of unity (Xm)meN* subordinated to the covering (C m ) me N* 
of R™ with Xm £ C^°(IR n ), and we consider the distribution 9 = J2m=i Xm 9 m . 
Let / G C c °°(M n , E*). We have 

(8oP*,f)= (°m,Xm PAD) = Y,^ P AXmf)). 

meN* meN* 

Since supp \m C P(0, m), then 

{6oP*,f)= J2( 9 ^ P m(Xmf)) and (9 m ,P m (Xmf)) = (T, X mf). 
meN* 

Consequently, 

(9oP^J) = (T,Y,X m f) = (TJ). 

meN* 

SoT = *P^(0). □ 
Lemma 3.4 T/ie space £/'( Rn >^) G « s contained m t P^((^(W n ) k )'). 
Proof 

By Lemma 3.2 we have ^'(^ = C™(R n ,E) G and by Lemma 3.3, 
(KerPc/) = < P £ /(( I a/(]R ri ) fc )'). To conclude, we need to prove the inclusion 
C™(R n ,E) G C (KerP^)°. 
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Let ip G C™(R n ,E) G and / G KerP^. Then (f{x),Pi(x)) = for all 
iGK" and all 1 < i < k. By Theorem 2.3, there exists a family of functions 
(p u ...,<p k e C™(R n ) G such that 



k 

v = ^2vi Pi- 



i=i 

Then, 



(T v ,f)= f (f(x),Y,<p i (x)P i (x))dx = 0. 
jRn i=i 



□ 



Proof of Theorem 3.1 

Let 9 be in s^'iW 1 , E) G . By Lemma 3.4, there exists T G (£^(W l ) k )' such 
that t P^(T) = 9. Then there is a family of distributions (T^^ in £^'(W l ) 
such that 

k 

(T, (A,..., A.)) = E^ T - *>> for all /i, . . . , A e 

1=1 

and0 = £?=i T i p i- 

For 1 < z < k, we define, as for the G-covariant distributions in the proof 
of Lemma 3.2, the distribution 0, in ^'(IR™) 6, by 

(0i,y>) = / (T i , l pog)d f x(g), for all p G ^/(M n ). (3.6) 
Jg 

Let / be in £/(R n , E*). Since is G-covariant, then 

(0,f}= [ (e,g.f)dn(g). 
Jg 

So we have 

(9,f} = J2 [ {Ti,{g-f,Pi))d^g). 

i=l ^ G 

The polynomials (P)i<i<fc are G-covariant, then 

(T i ,{g.f,P i ) = {T i ,{fog,P i og)). 

This implies by Formula (3.6) that 

k k 

(0,/> = ^<M/,^)} = <I> p -/>- 
i=i i=i 

So0 = Eti^^- □ 
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